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NATIONAL AERONAUTICS AND SPACE _ISTRATION

TECHNICAL NOTE D-1820

TRAJECTORYENTRY CONDITIONS AT TEE LUNAR SPHERE

OF INFLUENCE FOR APPLICATION TO DETAILED STUDIES OF

NEAR-MOON TRAJECTORYAND IMPACT CONDITIONS

By Harold A. Hamer and Ward F. Hodge

SUMMARY

Flight conditions at the lunar sphere of influence have been compiled for

use in conjunction with detailed studies of earth-moon trajectories. The calcu-

lations were based on the assumption that the ascent portion of the trajectory

is divided into two parts: one part from earth injection to entry into the

sphere of influence (earth-departure trajectory) and the other part lying within

this sphere (near-moon trajectory). Each part is approximated by two-body

solutions.

In the compilation, trajectory entry conditions at the lunar sphere of

influence are presented in relation to earth-injection conditions and essentially

describe the complete family of earth-departure trajectories that pass into the

sphere of influence. The entry conditions are the vehicle inertial velocity and

flight-path angle with respect to the moon and the location of entry around the

sphere of influence. These data provide a convenient means of making detailed

studies for specified lunar missions without requiring analyses of a large number

of earth-departure trajectories. The entry conditions required for a given mis-

sion can be established from a detailed study of trajectories within the sphere

of influence (simple two-body calculations). The compiled data presented herein

correlate these entry conditions to the appropriate earth-injection requirements.

Extensive data pertaining to ballistic trajectories within the sphere of

influence have also been presented. In this case, impact conditions (velocity,

angle, and location) and perilune altitudes for close-miss trajectories are given

in terms of entry conditions at the sphere of influence_ and information on time

to impact is given for various altitudes above the moon. These data can be used

in making detailed studies for lunar-impact or lunar orbital missions.

INTRODUCTION

The planning of circumlunar or lunar landing missions will involve detailed

studies of trajectory requisites in the immediate vicinity of the moon. (For



example, see refs. i to 3.) Ordinarily, such studies would necessitate investi-
gation of a number of complete trajectories to the moonand, because of the com-
plicated nature of such trajectories, would require extensive calculations. In
references 4 and 5 results of comprehensive studies of earth-moon trajectories
are presented; however, detailed information regarding trajectory conditions at
or near the moonis limited.

This report presents a compilation of pertinent data which eliminates the
need for calculating a large numberof complete trajectories for use in planning
a specific lunar mission. These data relate trajectory conditions at entry into
the lunar sphere of influence with corresponding earth-injection conditions.
Detailed studies may then be confined to trajectories within the lunar sphere of
influence wherein simple two-body calculations apply. In these studies the tra-
jectories maybe either ballistic or thrust-augmented, and values of entry con-
ditions required for a specified mission maybe readily determined. Data pre-
sented in this report, which correlate these values to the earth injection
requirements, are then used to establish the complete trajectory from the earth
to the moon.

This report also presents data on ballistic impact trajectories and ballis-
tic close-miss trajectories within the lunar sphere of influence. These data are
useful for detailed studies of earth-moon missions in which the vehicle is to
approach the moonon a collision course or on a low-altitude pass. Lunar impact
trajectories are applicable for such missions as research-instrument landing
(for example, ref. 6), supply ferry to lunar station, and so forth. Low-altitude
(close-miss) trajectories are applicable for establishing orbits about the moon.
The impact and near-moon trajectory characteristics are presented in terms of
entry conditions at the lunar sphere of influence.

SYMBOLS

The English system of units is used throughout this report. If con-
version to metric units is desired_ the following relationships apply:
I foot = 0.3048 meter (exact), and i statute mile = 5,280 feet = 1,609.344 meters
(exact). Someof the quantities given in this list of symbols are defined geo-
metrically in figures i, 2, and 3-

A angle between geocentric vehicle velocity vector Ve and selenocentric
vehicle velocity vector Vm at entry into lunar sphere of influence,
deg

B angle between geocentric radius vector r e and selenocentric radius
vector rm* at entry into lunar sphere of influence, deg

CI,C2

angle between geocentric vehicle velocity vector Ve and tangential
orbital velocity vector of moon V_ at entry into lunar sphere of
influence, deg

constants of integration (see appendix C)



D

E

F

P

r

r m

rm

rm, p

t

u

tp

tp, I

tI

V

Vi,min

AV i

Xe, Ye

x ,Ym

distance between center of earth and center of moon, ft or statute

miles

eccentric anomaly, radians

auxiliary quantity corresponding to the eccentric anomaly in elliptic

orbits, radians

angular momentum of orbit (per unit mass), ft2/sec

semilatus rectum of orbit, ft

radius of moon, 5.7024 × 106 ft or 1,080 statute miles

radius vector (radial distance from center of earth or moon to vehicle),

ft or statute miles

used in equation (AI2) to define distance from center of moon

radius of sphere of influence of moon, ft or statute miles

perilune distance (from center of moon), statute miles

time; sec, man, or days

reciprocal of r (see appendix C)

time to reach perilune of orbit from radial distance r, min

time to reach perilune of orbit from lunar surface, man

time to impact moon from radial distance r, tp - tp,l, min

vehicle inertial velocity, ft/sec

minimum vehicle injection velocity to reach moon for given injection

radius, ft/sec

incremental injection velocity, V i - Vi,min, ft/sec

tangential velocity of moon in assumed circular orbit, ft/sec

inertial rectangular coordinate axes with origin at center of earth

(see fig. i)

inertial rectangular coordinate axes with origin at center of moon

(see fig. i)
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Y

E

q

@

@

k

_e

_m

T

_m

entry angle_ angle between line joining centers of earth and moon and

selenocentric radius vector at entry into lunar sphere of influence

(corresponds to longitude in lunar-orbital plane), deg

flight-path angle; angle between velocity vector and line perpendicular

to radius vector, deg

eccentricity of orbit

angle between geocentric radius vector and line Joining centers of

earth and moon, deg

angle between perigee (perilune) radius vector and geocentric

(selenocentric) radius vector, deg

total change in @ for selenocentric orbit_ @m - 81, deg

orientation angle of major axis of earth departure trajectory with

respect to line Joining centers of earth and moon at injection, deg

product of universal gravitational constant and mass of earth, ft3/sec 2

product of universal gravitational constant and mass of moon, ft3/sec 2

lunar lead angle; angle between geocentric radius vector and line

Joining centers of earth and moon at injection, deg

rotational velocity of moon about center of earth, deg/sec or

radians/see

Subscripts:

e

i

I

m

man

S

geocentric value at entry into lunar sphere of influence

geocentric value at injection

selenocentric value at lunar impact

selenocentric value at entry into lunar sphere of influence

minimum absolute value for lunar impact

circular satellite velocity

ASSUMPTIONS AND METHOD

The data in this report, developed from the study of reference 4, are based

on the assumption that a sphere of influence exists about the moon. Under this
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assumption the earth-to-moon trajectory is separated into two parts, each of

which can be determined by simple two-body solutions. The two-body results

represent a good approximation of those obtainable from more refined calculations

such as from the classic restricted three-body equations of motion. (See ref. 4

for comparison of two-body and three-body results.) A description of the sphere

of influence and a derivation of its size (radius of 35,781 statute miles) are

given in reference 4.

_e calculations apply only to ballistic trajectories; that is_ the vehicle

inertial velocity or flight-path angle are not altered during flight by addi-

tional thrusting. The injection data correspond to launch in an eastward direc-

tion with the trajectory of the vehicle lying in the orbital plane of the moon

(two-dimensional trajectories). An additional assumption is that the moon

revolves about the center of the earth in a circular orbit (average values for

the orbital radius and angular velocity of the moon are used).

The equations of motion used to calculate the data are given in appendices J

to C. The data are divided into two groups. The first group pertains to the

earth-departure trajectory; that is_ that part of the trajectory from earth

injection to the lunar sphere of influence. (As a necessary inclusion, these

data are supplemented with the perilune-distance value of the ensuing seleno-

centric portion.) The second group pertains to that part of the trajectory

within the lunar sphere of influence_ the near-moon trajectory. All trajectories

in this second group result in lunar ballistic impact or in a close miss of the

lunar surface.

Earth-Departure Trajectories

The data for the earth-departure trajectories relate selenocentric entry

conditions at the lunar sphere of influence to the earth-injection conditions and

to perilune distance (closest approach to the center of the moon of the ensuing

near-moon trajectory). The earth injection conditions are defined herein as the

flight-path angle 7i, vehicle inertial velocity Vi_ and distance from the cen-

ter of the earth ri. For a given combination of these injection conditions the

peril_ne distance depends on the lunar lead angle T at injection (or time of

injection). Lunar-lead-angle data applicable to the present results are presented

in reference 4. The selenocentric entry conditions are the flight-path angle 7m_

vehicle inertial velocity Vm, and location around the sphere of influence from

the earth-moon line _. Figures i and 2 illustrate the various trajectory param-

eters including those required for converting geocentric (earth) values to seleno-

centric (moon) values at the sphere of influence.

Some data on entry velocity and entry location for out-of-plane trajectories

are given in reference 7. These data indicate that, in general, the two-

dimensional results presented herein are good approximations to those obtained

for corresponding three-dimensional cases. Specific comparisons between the two

sets of data are made subsequently in this report.
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Near-Moon Trajectories

The lunar impact velocity VI_ impact angle 71, and impact location @, as

well as close-miss perilune altitude are presented in terms of entry conditions

at the lunar sphere of influence. (The data for grazing impacts also represent

conditions at close-miss perilunes.) These data used in conjunction with the

first group of data (earth-departure trajectories) provide a comprehensive sum-

mary of conditions at (or near) the moon and corresponding earth-injection

requirements (two-dimensional) for ballistic trajectories. Also included are

time-to-impact data for various altitudes above the moon. Figure 3 presents an

illustrative sketch showing the pertinent parameters of the near-moon trajectory.

DISCUSSION OF RESULTS

Earth-Departure Trajectories

General.- For any combination of entry conditions at the lunar sphere of

influence, the required injection velocity V i is highly dependent on the injec-

tion radius ri. In order to present the entry data for a range of injection

velocities and for a range of injection radii with one set of curves, the results

are normalized by plotting the injection velocity in terms of AV i. The quan-

tity _V i is defined as the difference between the injection velocity V i and

the minimum injection velocity required to reach the point on the lunar surface

nearest to the earth Vi,mi n (that is, _V i = V i - Vi,min). This manner of nor-

malization is possible since the Vi,mi n values (obtained from ref. 4) are pri-

marily a function of injection radius as shown in figure 4. Hence, for any

injection radius (up to at least 4,500 statute miles) the curve shown in figure 4

can be employed to convert the AV i values shown in figures 5 to i0 for earth-

departure trajectories to the appropriate V i values. The normalization proce-

dure gives accurate results in all cases except for entry-velocity data at the

higher values of injection radius and injection velocity, as shown subsequently.

The entry conditions are shown (figs. 5 to i0) for the injection-velocity

range from the minimum value required to reach the lunar sphere of influence to

the value for AV i = 5,000 feet per second. The infinite-velocity value is

included where posssible. Injection flight-path angles 7i are covered over the

range from 0° to 60 ° . The entry conditions are shown for the range of subse-

quent perilune distances rm, p from zero (dead-center hit) to a value equal to

the radius of the lunar sphere of influence. In the latter case, the trajectory

Just grazes the surface of the sphere of influence.

For a given combination of injection conditions, the lunar lead angle T

(or injection time) determines whether the earth-departure trajectory will be

"ascending" or "decending" and the entry conditions are shown in figures 5 to i0

for both cases. Ascending trajectories reach perilune while the vehicle is still

moving away from the earth; the opposite is true for descending trajectories.



Descending trajectories would ordinarily be comsidered impractical because of
the comparatively longer trip times to the sphere of influence. However, this
type of trajectory does afford entry locations not attainable with ascending
trajectories. The descending-trajectory data are shownonly for injection veloc-
ities well below the earth escape value; values of AVi higher than 162 feet per
second result in trajectories which would extend beyond the terrestrial sphere of
influence in the sun-earth system and would thus be affected by the gravitational
attraction of the sun. (See ref. 4 for complete description of lunar-trajectory
characteristics.)

The lunar lead angle also determines whether the direction around the moon
(within the sphere of influence) will be clockwise or counterclockwise. There-
fore_ in addition to classifying the entry-condition data according to ascending
or descending earth-departure trajectories, the data are classified according
to the direction around the moon. The direction is shownas seen from the celes-
tial north pole. It should be noted that for counterclockwise motion the vehicle
never passes completely around the side of the moonfarthest from the earth.

Entry-flight-path an_le.- The values of flight-path angle at entry into the

lunar sphere of influence are presented in figure 5. Entry-flight-path angle is

shown to be primarily a function of perilune distance rm, p (or injection time);

there is also a small effect due to injection velocity. Also evident in figure 5

is the fact that only a relatively small range of entry angles (approximately -85 °

to -95 °) leads to ballistic impact of the moon.

The curve in figure 5(a) represents the entry angles for comparatively low

injection velocities; that is_ from the minimum value required to reach the point

on the lunar sphere of influence nearest to the earth (AV i slightly less than

-45 ft/sec) to a _V i value of 45 feet per second. The latter value corresponds

approximately to the minimum injection velocity required to reach the point on

the sphere of influence farthest from the earth. Because of slight variations in

the data, the single curve drawn to represent the velocity range covered in fig-

ure 5(a) is accurate to only within ±i °. As noted, the entry angles in fig-

ure _(a) apply to either ascending or descending earth-departure trajectories.

Each limit shown on the curve indicates that portion of the curve that applies

to the corresponding injection velocity. For example, for an injection velocity

corresponding to _V i = -30 feet per second, the Closest approach to the center

of the moon rm, p can be anywhere from 95,781 to about 22,000 miles, depending

on the lunar lead angle at injection. These perilunes lie in the portion of the

sphere of influence nearest to the earth. For _Vi = 30 feet per second, the

value of rm, p can be anywhere from 35,781 to 0 miles for perilunes in the near

portion of the sphere of influence, but only from 0 to 20,000 miles for perilunes

in the far portion.

Data in figure 5(b) can be used to determine the entry angles for earth-

departure trajectories in the region of the higher elliptlc-lnjection velocities

as well as for all those in the hyperbolic region. 0nly the curve shown for

_V i = i00 feet per second is valid for descending trajectories. As previously

noted, descending trajectories that correspond to a AV i greater than 162 feet

per second are not considered in the present analysis.
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Entry velocity.- The data in figures 6 to 8 apply to vehicle velocity (with

respect to the moon) at entry into the lunar sphere of influence. As shown by

each _V i curve in figures 6 and 7, the entry velocity Vm varies according to

perilune distance (or injection time). Cross plots of the data in either fig-

ure 6 or figure 7 will yield entry velocity for any given injection velocity up

to _V i = 5,000 feet per second. The normalization procedure (that is, plotting

the data in terms of _Vi) does not result in making the entry velocity entirely

independent of the injection radius. The entry-velocity data are shown in fig-

ures 6 and 7 for an injection radius of 4,100 miles (140-mile altitude) and can

be converted (corrected) to apply to any other injection radius by information

presented in figure 8. (As shown in figure 8, the variation of the correction

value with injection radius is approximately linear at any value of injection

velocity. Figure 8 also applies to injection radii less than 4,100 miles, in

which case the correction will be a positive value.)

The entry velocity has a slight dependence on whether the trajectory is

ascending or descending, as shown in figures 6 and 7. In figure 7 (descending

trajectories) the range of applicable injection velocities extends only to

hV i = 162 feet per second, as has been previously discussed. The difference in

entry velocity between the ascending and descending trajectories varies from 0

to about 120 feet per second depending on the value of V i and rm, p. For lunar

impact (rm, p = 1,080 miles) this difference is approximately zero.

Data in figures 6 and 7 are shown for four specific values of injection

flight-path angle over the range from 0° to 60 ° . For low values of 7i (0° to

20o), the entry-velocity data are practically the same; however, at the higher

values of Yi (40 ° and 60 ° ) there is some noticeable difference in the data,

especially in the low-velocity range.

The limit lines shown in figures 6 and 7 correspond to the lowest entry

velocities possible for ballistic trajectories emanating from the earth. It is

of interest to note that for a given combination of earth-injection conditions

(Vi, Yi, and ri) , the entry velocity will have a range of about 1,000 feet per

second according to the value of rm, p and the direction of the ensuing seleno-

centric portion of the trajectory.

An indication of how closely the velocity data for the two-dimensional case

(coplanar) presented herein apply to the three-dimensional case (trajectory out

of earth-moon plane) is available from reference 7. Data in this reference show

that differences in entry velocity (with respect to the moon) at the sphere of

influence between in-plane trajectories and trajectories inclined up to 30° to

the earth-moon plane are less than i00 feet per second.

Entry location.- Data for location of the entry into the lunar sphere of

influence (figs. 9 and I0) are given with respect to the earth-moon line at entry.

The location angle _ (illustrated in figs. I and 2) is measured positive in the

counterclockwise direction (as seen from celestial north pole) and corresponds to

8



longitude in the lunar-orbital plane. These data can be applied to the determi-

nation of lunar-impact location or perilune location.

As noted in figures 9 and I0, the results apply to any injection altitude.

Also, the data are shown for four specific values of injection flight-path angle

over the range from 0° to 60 ° . For low values of 7i (0 ° to 20o), the entry-

longitude data are practically the same; at the higher values of 7i (40 ° and

60 ° ) there is some noticeable difference in the data.

As shown in figure 9, entry longitudes for ascending trajectories are not

attainable in the range _ = 80 ° to !80 °, whereas for descending trajectories

(fig. i0) this range is 0° to 140 ° . The entry-longitude range of 80 ° to 140 ° is

not attainable from earth-departure trajectories, or more practically, the range

80 ° to 180 °, since the region 140 ° to !80 ° corresponds to trajectories with long

trip times.

A comparison of the two-dimensional results presented herein with the
results of reference 7 shows that differences in entry longitude (measured in

lunar-orbital plane) between in-plane trajectories and trajectories inclined up

to 30 ° to the earth-moon plane are not more than 1°.

Near-Moon Trajectories

General.- Figures ii to 16 pertain to trajectories within the lunar sphere

of influence. Any ballistic trajectory emanating from the earth enters the

sphere of influence at hyperbolic velocity with respect to the moon. The calcu-

lations for the conditions at or near the moon, therefore, pertain to hyperbolic

trajectories within the lunar sphere of influence. The lower values of hyper-

bolic velocity (less than about 2,700 ft/sec) are not achievable at entry with

ballistic trajectories from the earth, but could be obtained by midcourse

thrusting (at the surface of the sphere of influence) or from trajectories

emanating from some other source. Thus, as a matter of completeness, data are

included for the entire hyperbolic range of entry velocities from parabolic

(escape) to infinite velocity. The value shown for the minimum entry velocity

for earth injection was obtained from figure 6 or 7 and corresponds to a ballis-

tic trajectory that will just reach the moon (rm, p = 1,080 miles). (A lower

minimum value of about 2,640 ft/sec is achievable by just grazing the sphere of

influence (rm, p = 35,781 miles ).)

The entry flight-path angle 7m can have any value from 0° to -180°; how-

ever, for a given entry velocity, lunar impact (or perilune passage within

several hundred miles) can occur only within a limited range of entry-flight-path

angles. The end points of the impact range correspond to tangential or "grazing"

impacts (perilune distance equal to the radius of the moon), and its midpoint

forms a dividing line between clockwise and counterclockwise motion about the

moon. Since the motion is symmetrical about this line, it is sufficient for the

purposes of this report to present impact data only for the clockwise region of
motion. The extremities of this clockwise region are designated as impact bound-

aries: one which corresponds to tangential impacts, and the other to radial or



"dead-center" impacts for which the flight-path angle along the trajectory
remains constant at -90o. Similarly, the close-miss data (perilune altitudes)
are presented only for clockwise motion.

Impact yelocity.- The impact velocity is related to the entry velocity
through the principle of conservation of energy (eq. (B7a)). The variation in

impact velocity with entry velocity is presented in figure ii. The resulting

curve is one branch of a hyperbola which becomes asymptotic to a 45 ° line through

the origin as the velocity becomes infinite. The minimum impact velocity corre-

sponds to a free fall from rest at the boundary of the sphere of influence to the

surface of the moon amd was calculated by using equation (BTb).

Limitations on entry-flight-path angle for impact.- For a given value of

entry velocity, the minimum (absolute) value of 7m for lunar impact results in

a tangential (grazing) impact. A simple equation for calculating this minimum

entry-flight-path angle for impact 7m, min is obtained directly from the prin-

ciple of conservation of angular momentum, as follows:

= rm*V m cos 7m = RmVI cos 71

By solving for 7m and noting that _I = 0 at perilune, the following equation

for 7m,mi n is obtained:

cos-i/ vl\

This equation results in the curve shown in figure 12. As indicated in figure 12_

7m, mi n reaches a maximum (negative) value of about -88.27 ° as V m becomes infi-

nite. This extremum of 7m, mi n is equal to the complement of half the angle

subtended by the moon at the boundary of the sphere of influence.

Impact angle.- The impact flight-path angle is plotted against entry flight-

path angle in figure 13. This plot includes data for the entire range of hyper-

bolic velocities within the sphere of influence. Parabolic or escape velocity

forms a lower limit on the entry velocity and infinite velocity forms the upper

limit. The equations given in appendix B are not valid for infinite velocity;

however, the infinite velocity curve is easily calculated by means of simple

trigonometry. The two impact boundaries are also included in figure 13. The

radial impact boundary appears simply as a point common to all curves since the

flight-path angle along the trajectory remains constant at -90o for all entry

velocities. Data from figure 12 form the tangential impact boundary which coin-

cides with the Ym-axis since Yl must be zero at perilune.

Impact location.- In figure 14, the total change in the angle fl is plotted

against 7m for the hyperbolic range of values of V m. This change in angle
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is equivalent to the total angular travel around the moonfrom entry to impact.
The samelimits and boundaries discussed in figure 13 are included in this plot.
The radial impact boundary is the point commonto all curves and the tangential
impact boundary becomesa curve defined by the data of figure 12. As in fig-
ure 13, the infinite velocity curve was obtained by meansof simple trigonometry.

If the inclination of the near-moontrajectory plane is knownand the axial
rotation of the moonis accounted for, the angle e can be used to determine the
approximate longitude and latitude of impact with respect to coordinate axes
fixed at the center of the moon. A suitable lunar coordinate system in which the
X-axis is toward the direction of the earth through the lunar equatorial bulge at
Sinus Medii (Central Bay), the Z-axis along the _xis of rotation, and the Y-axis
orthogonal to the X,Z plane is described in reference 8. In this coordinate
system, zero longitude and latitude are located at Sinus Medii. Since this is
an equatorial coordinate system, only the longitude of impact will be affected by
the axial rotation of the moon. If the time to impact_ which is discussed in
the next section, is k_1own,the product of the time to impact and the angular
velocity of the moonabout its axis of rotatLon will give the correction in ion-
gitude which is to be subtracted if the motion is in the direction of the moon
rotation or to be added if opposite it.

Time to impact.- For studies of the near-moon portions of earth-to-moon

trajectories, data on time to impact the moon is of interest. One use of such

data_ that of determining lunar equatorial impact longitud% was discussed in

the preceding section. For a manned mission, data on the variation in the time

to impact as the vehicle approaches the moon would be important in connection

with navigation, retrofiring procedures_ and so forth.

The time required to impact the moon is plotted against 7m and V m in

figure 15 for altitudes ranging from the surface of the sphere of influence down

to 5,000 statute miles. As in the preceding figures, both impact boundaries and

both velocity limits appear on the plots. Figure 15 shows that the impact time

has a much stronger dependence on Vm than on 7m and_ in general, decreases

as Vm increases. However_ a "cross-over" in the tangential impact boundary

appears in figure 15(d). The data of figure 15(d) indicate that the remaining

time until impact is greater for a higher entry velocity than for a lower one in

the region to the right of the cross-over point. The reason for this apparent

paradox can be explained with the aid of figure 14 which shows that for all

values of 7m, the angle 8 becomes progressively larger as Vm is increased.

This result means that for a g_ven value of 7m, the total distance along the

trajectory increases with V m. Thus, the ratio of the remaining distances to be

traveled for two different values of V m will increase as the altitude decreases.

When the altitude becomes small enough_ the remaining distance to be traveled at

the higher velocity is sufficiently greater than the corresponding distance for

the lower velocity9 thus the remaining time until impact is accordingly larger

in the cross-over region. For altitudes less than 5,000 statute miles above the

lunar surface, this cross-over effect becomes progressively more pronounced.

However_ figure 15 was not plotted for altitudes less than 5_000 miles since the

remaining time to impact becomes relatively small. At an altitude of l_O00 miles,
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the remaining time is roughly 18 to 20 minutes for most of the velocity range
and at 500 miles, the time left is only 6 to i0 minutes.

Perilune altitudes for close-miss trajectories.- Manned lunar missions will

ordinarily require the establishment of orbits close to the moon. Transfer from

the hyperbolic trajectory into a circular orbit will probably occur at perilune

altitude (closest approach to lunar surface). The data relating perilune alti-

tude to entry conditions are presented in figure 16 for a range of altitudes to
900 miles. Perilune radii were calculated from

Pm
rm, p i + _n

where Pm and am are related to the entry conditions. (See appendix B.) The

perilune altitude is shown to be highly sensitive to entry flight-path angle.

The velocity at perilune and perilune location from entry are not included;

however, the data presented herein for tangential impact will closely approximate

these values for close-miss trajectories. The velocity at perilune can be calcu-

lated from equation (B7a) by replacing Rm by rm, p and the perilune location

is given by equation (B3).

CONCLUDING_

A purpose of this report has been to present an extensive collection of

data relating the trajectory entry conditions at the lunar sphere of influence to

earth-injection conditions (earth-departure trajectories). These data used in

conjunction with detailed studies of trajectories within the sphere of influence

(near-moon trajectories) provide a convenient means of determining earth-injection

requirements for specified lunar missions.

The results are based on two-body solutions but are good approximations to

those obtained by more refined methods of trajectory computation. Also, the

results refer specifically to trajectories launched in the earth-moon plane, but

are generally applicable to out-of-plane trajectories.

Also included in this report are comprehensive data on near-moon trajectories

that will apply in making detailed studies for lunar-impact or lunar orbital mis-

sions. Use of these data in conjunction with the data for earth-departure trajec-
tories provides a complete summary of conditions at or near the moon and corre-

sponding earth-insertion requirements.

Langley Research Center,

National Aeronautics and Space Administration,

Langley Station, Hampton, Va., April 12, 1963.
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/<PF2_DI X A

E_JAT[ONS FOR FA_TI[-DEPAR_LU{E TRA,/ECTORY

The eqtmtions of motion ['<orthe er-,rth-departts'e trajectory; th,'_t is_ that

p_rt of' the tr,'._ject<xry t,o t,be ].un_'tr sphere of :irlfluer_ce; are pre,_e_ted in this

r_ppeudix. Also i_!clur](:d %rr' the equt_,ti.orls for <:or_vertinl: ,_eo<'erltric (enrth)

trajectory w_lues to selenocentric (moon) _81ues at the. sur]'r_<:e <)f'the sphere of

t:ifluem<!e. Fi_[klI'es I {H_,II? show %he d]t'ei'h[,)N:: fo_" thr t]_l[_](ts'._H8 []jr] if] vi.s_J-

":dizir_{< the equ_t._ozls.

The b,'zsic a_.q_m_ptioms used fo_' thcs_ eqm_tions b'_vc been dJscllssed in the

m_[n body of' the repo.rt. Becaus{ <_d7 the mr_sni£ude o£ the _.'qn_<tiom constants Jm

Eng.l['N1 m_:ts_ it w_._ co_vcnJent to per'f'ot_, th(.' cmlclfL_it]onr] i_ ilum_.r u_its. In

:_.ddNx[<>t_ time w_vs t_ken in terms o[' <]r_;¢_:. %%e computed rcs_t,q we:r_, t]_en con-

vert, ed to F,_]i_lish t_ni_S, ri_l()<'onst_I!_I:,S}_re i_iven J r_ %r_l)le I iu bp,th ErL<]__h "_nd

]£_n_v lullt:', for the rr_o<.)rlc_t <iI!r_v_rr.<ce d:i,qt,'<mce from the enrth.

%Me-Bed y Equ,'_tion,q

For computing the e_rth-dcp_rture trajectory (which may be either elliptic,

pn,rabol_c, or hsq_erbo]_i_), the <]:ist_m!e from the center" el' the e:trth for _amy

liven w._lue of @ is:

Pir -- (£Z)
I + £i co',',

where (9 is measured co_mterclockwise from the perigee radius vector to the

vehicle radi.us vector of the point in question. The semilatus t'ectum of the

departure tr:_jectory is:

where r i [,s the i_lject:i_on rr41 _:s vector from the cemter of the earth_ Vi is

the injectiou inertisl velocity, yi is the injectiou inertJu, l fli{%t-p_th an_<le

measured wit}_ respect to the loc_l r;p}_cric'd hori',sr)_t:_l_ a_.d <:[r'cul:_r s%tell]te

velocity at r i is

: (AS)

The eccentricity of the earth-departure trajectory is



where

ei = cosl e_ PI_- 1! (A4)

tan e i = tan 7 i pi/ri) _

For computing the inertial velocity at any point in the e_Irth-depmrtu:_ tr:_jec-

tory_

2 J -
V = eF _T

where r is the distance from the center of the earth.

tial flight-path angle at any point_

For computim_i th_ iner-

ei sin e
tan 7 = (AT)

i + ei cos 8

For computing the time f'rom injection to any point_

(AS)

where t(8) is time from perigee to the point in question, and t(8i) is the

time from perigee to injection. The value of t(e) is computed as fol. Low_:

If ei < i (elliptic trajectory)_

t(e) = _Pi P_ i (E - ej si_ E)

i- ei2 IF_ ei 2

(A9)

where

If

E is the eccentric anomaly and

tan E J_ - ei
--= tan 8_
2 Y+ i 2

gi > i (hyperbolic trajectory),

(_9a)

14



t(e): Pi (Alo)
Ci2 -

P_ l (-F + ci sin_ _)
I _i 2 - i

where F is an auxiliary quantity in hyperbolic orbits corresponding to the

eccentric anomaly in elliptic orbits, and

[-___

tanh F ¢,I_ - i 8-- = tan --

2 Vci _l 2
(Al0a)

If _i = i (parabolic trajectory),

P_i{1 tan 81<1 + I tan2 _)t(8) = PiV_e\ 2 _ y
(All)

The value of t(@i) is computed by usimg the appropriate equation (eq. (Ag),

(AI0), or (All)) and by substituting 8i for 8. It should be noted that if

injection is at perigee the value of t(Si) will be zero. Also, the angles

E/2 and F/2 in equations (Aga) and (AlOa) should always be considered to be

in the same quadrant as 8/2.

An important step in the calculations is to determine the point of entry of

the departure trajectory into the lunar sphere of influence. The method used in

this study was an iteration process which at a given value of 9 compared the

distance from the center of the moon rm with the radius of the lunar sphere of
.

influence rm and computed the value of 8 necessary to make this difference

zero. This value_ then_ is taken as 8e. The equation used to calculate the

distance from the center of the moon was

rm 2 = D2 + r2 - 2rD cos _ (AI2)

where r is the distance from the center of the earth to the point om the tra-

jectory under consideration and _ is the angle between the radius vector from

the earth and the line joining the centers of the earth and moon. The angle _i

is computed from the following equation:

The angle

= 9 + X -_Omt - 180 °

is related to the lunar lead angle T

(AI3)

by the following equation:

= 18o° ei - T (AI4)

15



Onmp the v'_!ue _;1' @ i, _, dete_mi'ned :rt the point of er_tr'y ]_'lto the ',;ph_'_''

oI' influence_ the {_co,!erit-_'Lc v:__-Lu£s or r, v_ 7'_ and 'i c&t__] be readily crtl_nj-

tated for this point. The::e values _{re defined a,< re, Ve_ ?e, :_nd _ie" It

_hould be noted that :_t. this poL_!t

sin Tie < rm

and

(D_ < + (A 6)

The lo{'atiom of entry :_.ro_md the sphere of ini'ln{m<,e, defined by th_

= _ie + B (Ari')

where the equ_Ltior_ for the an_11e B is sLven in the sub:',equent ":'ectlon.

Equations for Converting to Moon Coordinates

For convertins velocity and fligJ_t-path angle at the p<dr_t of entry to
×

selenocentric values, the distance from the center of the moo_ _:_ _'m • The

velocity at entry with respect to the moon is

r)

Vm 2 : Ve 2 + Vm _- - 2VeV_o cos C (A]8)

where V e is the geocentric value at entry_ the tansential velocity of the moon

rotat[n S _bout the earth i.s

and the anf_le C i s

Vm = D_°m (AIg)

C = 7 e - Ne (A20)

and are the geocentric values at entry.where ) e he

entry with respect to the moon is

The flisht-p_th _r_11e at

iLd



_m= -B + A - 7e (A21)

_nd

In order that B and

rules may be used:

(i) The s_gn of

(2) The sign of

-sin Tie

r _

sin A = Vm sin C

Vm

A will be in the proper quads'ant, the following two

cos B is the sign of the qlm.ntity

o ,_ ( JD _ _\2
- I e - r'm

cos A ks the sii_n of the quantity

Ve 2 + Vm 2 - Va_2

r_"(A_,-.)

(As3)
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APPENDIX B

EQUATIONS FOR NEAR-M00N TRAJECTORY

_le equations of motion used in calculating position and velocity data for

trajectories within the lunar sphere of _nfluence are presented in this appendix.

_]qe equations are expressed in terms of the ent_w conditions at the surface of

the sphere of influence since _!i trajectories are asslnned to orJginate at that

point. Also_ the equations refer specifically to _mpact conditions, but will

apply to conditions at :my d_stance from the moon. The first two equations

define constants of the motionj which are the semilatus rectum

and the eccentricity

* )2
Pm = rm Vm cos 7m (BI)

_m

cos 8m m

Additional two-body equations used in the calctmlations are:

' _L_ ira)pm/rm* iItan 8m = tan Zml_pm-T--_V -
(B3)

!__{Pro
\

oosel:- iI
%\Rm /

(B4)

O = 8m - _I
(B5)

tan 71 =
emR m sin 81

Pm
(B6)

(B7)

18



12_m V 2 2t_m

VI = _I_, + m rm._
(B7a)

For the mJ_Lmtnr:L imp>let ve..-]_o_'[!<_,wh]<:h corre-:iJonds to _± free f'_ll to the

lunar su_'f_-_cefrom the b ,u,._d_:._')/<.Y the ..qq_ere of jmflue:_ce, V m is zero and

equation (B7_) becomes

.,.,/,L,I=
t7 \Rm rm/

(:S7_,)

I!_ t.%tespcc'i:_L c;_se where Vm eql,',.._]sthe cs(':_pe '.:)r_;;ir'ubo].Jcvelocity,

\;r • --

rm*
and equ_:_tlon (B7_) i'mciuc_':: t,o

VI = (B7c)
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Inspection of this equation shows that it does not hold for parabolic or

for radial motion. Time equations which are valid at the impact boundaries and

velocity limits discussed in this report can be derived as follows:

An equation for the time to reach perilune for parabolic motion can be

obtained by integrating a differential form of the equation for angular momentum.

The resulting equation is

}) (c2)

Except for radial motion, equations (CI) and (C2) cover all cases of para-

bolic and hyperbolic motion and both are valid at the tangential impact boundary.

Since these equations give the time to reach perilune of the orbit, the time to

impact is given by

tI = tp tp, I (C3)

where tp and tp, I are determined by substituting the appropriate values of

into equation (Cl) or (C2).

The remaining case to consider is motion toward the moon along the radial

impact boundary. Here the tangential component of the velocity is always zero

and an expression for the time to impact can be derived from equation (B7a) by

writing it in the following differential form which can be integrated as

indicated:

where

CI = Vm 2 2_m
rm*

Separating the variables and making the substitution

dr
dt =

_+ CI

all

u2_2_mU+ CI

u = i/r gives

21



The results of the integration yield

_m u + Cl _m F dut = +m + C 2

Clu CI J u_2_mU + C I

(c_)

which constitute a general solution to the problem. The form in which the

second integral in equation (C4) is eval_lated depends on the value of C1

determines whether the motion is hyperbolic, parabolic_ or elliptic.

which

For the case of radial motion at hyperbolic velocity, C1 > 0 and equa-

tion (C4) becomes

t = _-mu
+ CI

Clu

_m loge/_2_m u + C1- C_ C2

CI_ t_2_mU + C1 + C_/+

=r v+
C1

_m loge/V- C_

\v+ +
C2

By using the initial conditions r = rm* and V = Vm when t = 0 to evaluate

C2, the following equation is obtained for time to impact from the surface of

the sphere of influence:

1 I _m _OgeIV! - _h loge(Vm - _CII_ _

For the parabolic case, C1 = 0 and equation (B7a) reduces to

(C4a)

which can be integrated by simple quadrature to give

t = _ r3/2 _m + c2

which reduces to the following equation for time to impact from the surface of

the sphere of influence:

22



t I = _" Rm_3/

where C 2 has been evaluated using the initial condition r = rm* when

For the elliptic case, CI < 0 and equation (C4) takes the form

(C4b)

t ----O.

t V_mU + cl _ J _amu + C1= + tan -I + C2

clu cI_?C_ V -ci

which gives

I
tI = _-- RmV I -

when

"m _tan-l( VI _ tan-l/ Vm "_I_ (c4c)

C2 is evaluated as in equation (C4a).

As a matter of interest, it might be noted that equation (C4c) can be used

to calculate the time to fall freely to the lunar surface from a position of

_m
rest. In this case, Vm is zero and C 1 ....

rmW
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Figure 2.- Sketch showing definition of parameters at time of vehicle entry into lunar sphere

of influence. Positive directions shown unless otherwise indicated.
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Figure 4°- Minimum injection velocity to reach the moon.

Injection flight-path angle Yi = O° to 60 °.
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